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An Approximate Solution for Laminar Boundary Layer Flow

RoserT L. Kosson*
Grumman Aircraft Engineering Corporation, Bethpage, N. Y.

This paper presents an approximate solution for two-dimensional, incompressible, laminar
boundary layer flow with arbitrary pressure gradient. Von Mises® form of the boundary layer
equation is linearized by making a change in the coefficient of one of the termms. The linear-
ized equation yields a solution that is accurate for the outer portion of the flow but inaccurate
near the surface. A separate inner solution then is developed which is accurate at the sur-
face and which joins with the outer solution at some point within the boundary layer. The
method may be considered a major modification of one developed earlier by von Karman and
Millikan, with changes in both outer and inner solutions, and the point at which the two solu-
tions are joined. The changes improve the accuracy of the method and in some respects
simplify the calculations. As examples, results are presented for flow with a linear variation
of velocity (including flat plate and stagnation point flow as special cases), flow with sinu-
soidal variation of velocity, flow past a circular cylinder (Heimenz’ velocity distribution), and

flow past an ellipse (Schubauer’s data). Agreement with theoretically exact solutions is
good, and better than results obtained using the Pohlhausen method.

Nomenclature
A = value of velocity at joining point
a = constant (when used without subscripts)
am = coefficient of term in series
B = value of du /0y at joining point
ba = coefficient of term in series
C = constant
E = value of 3% /dy? at joining point
7 = (u/Ua)?
g = total (stagnation) pressure
g0 = total pressure in adjacent potential flow region
g«{¢) = function representing initial boundary layer profile
= constant or a function of =
L = reference length
"M,m = integers
N,n = integers
P = pressure
P = mean pressure over ith increment
Do = pressure at origin of boundary layer (z = 0)
R = radius of cylinder
U, = velocity of adjacent potential flow
U = velocity far from body
Us = adjacent velocity at origin of boundary layer (z = 0)
U = velocity component in z direction
v = velocity component in y direction
Y = curvilinear coordinates, respectively, parallel and nor-
mal to surface )
x* = dimensionless z value {see Eq. (563)]
z = dimensionless stream function
a = defined by Eq. (17d)
T = standard gamma function
o* = displacement thickness
5.%,8%* = inner and linearized solution contributions, respec-
tively, to &*
7 = dimensionless y coordinate, or cylindrical coordinate
angle
6 = momentum thickness
04,60 = inner and linearized solution contributions, respec-
tively, to 6
A = positive constant
u = absolute viscosity

kinematic viscosity

~
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p = density (constant)
7 = dummy variable for ¢
To = ghear stress at surface
) = velocity potential for adjacent flow
¥ = gtream function
Subscripts
e = exact value
l = linearized solution value
1 = value at joining point
® = value at infinity

Introduction

HIS paper is concerned with one of the basic problems of

fluid mechanics: steady, two-dimensional, incompress-
ible, laminar boundary layer flow with arbitrary pressure
gradient. The problem has been treated extensively by
many investigators, (see, for example, Ref. 1, Chaps. 7-9 and
12, or Ref. 2, Chaps. 8-10), and some brief remarks on exist~
ing methods will be given to provide a context against which
the calculation method of this paper may be considered.

A number of investigators have considered numerical
solutions of the boundary layer equation of motion.% ¢
These can be made as accurate as desired by the appropriate
choice of net size, but the calculating effort involved is rather
large. An alternative approach that permits theoretically
“‘exact’”’ solutions is the use of a series expansion for the
stream functions.® The variables used may be chosen to
make the coefficients ‘“‘universal” (not related to particular
body shape) functions and to minimize the number of terms
required.  For most problems of interest, such as flow past
airfoils, the number of terms required is too large to make
this method of approach practicable, however.

Because of the difficulties involved in exact solutions, a
considerable amount of work has been done on approximate
methods of solution. Much of this work has been on what
might be called “integral methods” and uses von Karmén’s
momentum integral equation (an ordinary first-order differ-
ential equation) rather than Prandtl’s original second-order
partial differential equation of motion. In one such method
developed by Pohlhausen, the velocity profile is specified as a
fourth-order polynomial in powers of dimensionless distance
normal to the surface, with coefficients reduced to functions
of a single parameter. The value of the parameter then is
found from the momentum integral equation. This method
has been found satisfactory for accelerating flow but unreli-
able for decelerating flow. A number of alternative “single-
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parameter” solutions have been proposed which provide
better agreement for particular decelerating flows. There is
some doubt as to the universal applicability of any of the
single-parameter methods, however.

Some work also has been done on what might be called
“two-parameter’’ solutions, involving both the momentum
and energy integral equations. This is considerably more
tedious (although more accurate) than the single-parameter
method, since it involves the solution of two simultaneous
first-order differential equations.

The integral methods all have an inherent limitation, in
that the form of the velocity profile must be specified. Von
Kérmin and Millikan® developed a considerably different
approximate solution using the differential boundary layer
equation of motion in a form that resembles the one-dimen-
sional heat conduction equation (von Mises’ transformation).
The equation is reduced to two more simple (linearized)
forms, one valid near the outer edge of the boundary layer
and the other valid near the surface. These equations yield
two solutions (termed “outer” and ‘‘inner”). The inner
solution is used only for decelerating flow and is applied to
the region between the surface and the velocity profile in-
flection point. The outer solution is applied to the entire
flowfield for accelerating flow and to the region between the
inflection point and the outer edge of the boundary layer
for decelerating flow. The method has been applied to a
few cases only. Although it seems to be more reliable than
the Pohlhausen method in predicting separation, it errs in
setting the separation point too far forward and in predmtmg
too rapid a boundary layer growth

The method presented in this paper follows an approach
similar to that of von Kdrmédn-Millikan described in the fore-
going and may be considered a major modification of it. It
differs from that of von K4rmédn-Millikan in a number of
respects. The outer solution contains a constant coeflicient
(less than unity) applied to some of the terms and is pre-
sented in a form permitting more direct use of pressure dis-
tribution data. An inner solution is used at all times and is
one of two forms. For highly inflected velocity profiles near
the point of flow separation, the original von Kdrmdn-
Millikan inner solution is retained, except for a slight change
to accommodate the revised outer solution. For all other
cases, a fourth-order polynomial velocity profile is used, with
coefficients determined from boundary conditions at the
surface and properties of the outer solution where the two
solutions join. The joining point is no longer the velocity
profile inflection point. In addition to these differences,
the notation used is quite different from (and hopefully
simpler than) that of von Kdrméan-Millikan. The resulting
method is more accurate than that of von Kdrmédn-Millikan
and, in some respects, easier to apply.

With respect to other boundary layer calculation pro-
cedures, the method presented in this paper occupies a middle
ground between the single-parameter integral methods and
the numerical solutions from the point of view of both accu-
racy and ease of caleulation.

Basic Equations and Boundary Conditions

For steady laminar two-dimensional incompressible flow,
Prandtl’s boundary layer equation of motion in the direction
of flow is

u%z + vg—Z = —;1> ‘ZZ V% ®
and the continuity equation is
(0u/0z) + (ov/oy) = 0 2
Boundary conditions are
y=20 u=20 v =20 (3a)
y = o u= U, (3b)
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In addition, there is an initial (boundary) condition:
=0 u = wi(y) (3e)

where u;(y) is the initial boundary layer velocity profile.

Applying these boundary conditions to Eqgs. (1) and (2),
certain additional relationships may be obtained which will
be satisfied by any exact solution.

Aty =0,
v(0%u/0y*) = (1/p)(dp/dx) (4a)
v(Q%u/dy?) = 0 (4b)
r(Q%u/0yY) = (Ou/dy)(d%u/dydx) ete. (4¢)
andaty = o,
oru/oyr =0 n=123... (4d)

These relations are termed compatibility conditions.
They frequently are considered as additional boundary
conditions in dealing with approximate solutions of the
boundary layer equations and will be considered as such in
this paper. In general, approximate solutions satisfy the
original boundary conditions [Eq. (3)] and some, but not all,
of the eompatibility conditions.

The boundary layer equations can be put into a much
simpler form by the use of a transformation first published
by R. von Mises in 1927 (discussed in Ref. 1, Chap. 8).

A stream function ¢ is defined by

u = OY/dy v = —Oy/Ox )

This satisfies the continuity Eq. (2).
A velocity potential ¢ is defined by

6= Ud. (6)

0

where U, is the velocity of the adjacent inviscid flow. Also,
a total pressure g is defined by

g =p+o(u? + v ™

Consistent with the boundary layer assumption that v « u,
Eq. (7) may be written as

g =p+ spu? (7a)

Using ¢ and ¢ as independent variables and g as a de-
pendent variable, Prandtl’s boundary layer equation of
motion (1) becomes

99/0¢ = v(u/Ua)(d%/0¢*) ®
where
u/Us = [(2/pUs%)(g — p)]"* 9
and the boundary conditions (3) become
=20 g=7p (10a)
= 9= g (10b)
=0 9= g¥) (10c)

where g, is the total pressure outside the boundary layer, and
g:(¥) the initial boundary layer total pressure profile.

One advantage in using g as the dependent variable is that
the effect of variation in pressure shows up in the boundary
condition at ¥ = O rather than at ¥ = «. On the debit
side, however, it may be noted that Eq. (8) has a singularity
at the wall for the general case of varying pressure. For
¥ = 0, the left-hand side of Eq. (8) becomes

3g/d¢p = dp/de =0

For the right-hand side, since »/U. = 0 at ¢ = 0, one must
have

bﬂg/DV =
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. Following a technique used by Nash? and Lewis and Car-
rier,'3 the ratio (w/U,) appearing as a coeflicient in Eq. (8) is
replaced by a positive constant C, less than unity, giving

9g/d¢p = Cv(d%/0Y*) (11)

This is a linear equation, equivalent to the one-dimensional
heat conduction equation.

For C = 1, Eq. (11) is equivalent to that used by von
Ké4rman and Millikan® for their outer solution. The value
of € may be established by a variety of averaging processes,
most of which indicate a value in the neighborhood of 0.8.

It should be noted that any value of ¢ > 0 eliminates the
singularity in the differential equation at ¥ = 0 and hence

changes the nature of the solution at the surface. In par-
ticular, for ¢ = 0, Eq. (11) gives
0%/0y* = (1/C0v)(dp/dx)
which is finite. This is equivalent to getting
0%u/0yt = (u/p)(0%/0Y% = 0 aty =0

rather than the correct value indicated by Eq. (4a).

Because of the changes introduced near the surface, the
solution of Eq. (11) is applied only to the outer portion of the
boundary layer flow, and a separate inner solution is devel-
oped for the flow immediately adjacent to the surface. The
two solutions will be discussed separately.

Outer Solution

Equation (11) with boundary conditions [Egs. (10a~10c)]
is analogous to a one-dimensional heat conduction problem
(semi-infinite slab with specified initial temperature distribu-
tion and time-dependent surface temperature), the solution
of which is given in Ref. 8, Chap. 2 or other texts on the theory
of heat conduction in solids.

The solution, for any initial boundary layer profile g.(¢) and
any pressure gradient p(¢), may be written as

—_ ~@—=¥)Y4Cr _ o=+ ¥)Y/4Cre
9= sergvgyin J, ol ‘ 1%

14

¢dp(7) ¥
S erf<2[0v(¢ - T)]m) dr (12)

where { and 7 are dummy variables for integrations over
and ¢, respectively, and erf denotes the error function, de-
fined by

2 z
erf(z) =Wf° e PdB

For the special case ¢:(¥) = g, corresponding to zero initial
boundary layer thickness, Eq. (12) simplifies to

v v
g = "rf[zqub)l/z] + ooy

exp [—¥*/4Cv(¢ — 7)]
j; p(7) @ = 0 dr

One feature of Eq. (13) which might be noted is that the
solution is a function of the dimensionless group

= Y/2ACrg) " (14)
In terms of 2, Eq. (13) becomes

(13)

2 ® exp[—2%/(1 — 7/¢)]
g = gtz = g f PO =T gy

The integral in Eq. (15) can be evaluated in terms of
standard functions for a number of particular choices of p(¢).

dr (15)
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For example, if p(¢) can be approximated by all or part of the
expression

p(d) = Z and™? + 2 baehn® (16)

where m, n are integers, and A, > 0, then the solution is

u m
g — goerfz = 3 anl' <—2— + 1)(4<1>)m/2 tmerfez +

m=0

N
2 oxp 20 erfels — O] +

exp[+2:(Mugp) /2] erfelz + (Mag)M2]}  (17)

where T is the standard gamma function:
Tn) = f “e=8 Br-1dg (17a)
0

and imerfez is the mth repeated integral of the comple-
mentary error function:

imerfes = f “ gm=terfeBdB (17b)

with
perfos = erfez = — [ " e=#d (17¢)
1l%rfcz = er cz_(ﬂ_)ll2 . e 8 ic

Values of vmerfez are tabulated in Ref. 8.

This is essentially the approach followed by von Kdrmén
and Millikan (setting b, = 0 and taking even values of m).
Considerable care must be exercised in obtaining the proper
expression for pressure as a function of velocity potential
[Eq. (16)] for problems involving flow separation,? and, once
obtained, a considerable amount of algebra is involved
to actually obtain the solution.

For most problems, if only a limited amount of information
about the boundary layer is desired, or if a digital computer
is to be used, a numerical evaluation of the integral in Fq.
(15) probably will prove most convenient. In making a
numerical evaluation, it may be noted that the integrand re-
mains bounded for all values of = but varies rapidly with 7
in the vicinity of 7 = ¢.

An approach that avoids this difficulty is to divide the
surface of the body into N increments (not necessarily equal),
on each of which the pressure may be assumed constant. Let
z: and 7; denote the distance coordinate and velocity poten-
tial at the end of the ¢th increment, and $; the mean pressure
on this increment. Then, introducing a new dummy vari-
able,

(17d)

a(r) =

&
=/
Eq. (15) becomes

2 ai s
g — {goerfz = Z Ps )1/2f e~ da (18)

iy o
i=1 i

Evaluating the integral and substituting for g with Eq.
(7a) gives

u? = 2{ goerfz — p - Z Pilerf(a;) — erf(a; — )]} (19)

t=1

where a; = a(r).

Equation (19) gives the velocity at specified values of
z > 0 [defined by Eq. (14)] and 2. As stated earlier, this
solution should not be used for very small values of z because
of the approximations introduced in the original differential
Eq. (11).
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Alternative expressions, both more accurate and more
complicated than (19), can be developed by assuming a form
of pressure variation within each increment which permits
the integral in Eq. (15) to be evaluated in closed form over
the increment. Equation (19) actually was used in most of
the numerical calculations, but no attempt was made to
optimize the ealculation procedure.

Equations (15, 17, and 19) give values of g (or u) as a func-
tion of z. The corresponding y values may be obtained,
applying Egs. (5) and (14), from

v =+ 20 15 (20)

21 U
where subscript 1 denotes values at the joining point of the
inner and outer solutions. The value of y; is determined from
the inner solution, discussed in a following section, and the
outer solution is applied only for values of y > y1, 2 > 2;.

Evaluation of *“C”

In altering von Mises’ form of the boundary layer Eq.
(8) to a linear form [Eq. (11)], the author had set

v(u/Ua)(0%/0y?) ~ Cr(0%/0¢*) (21)
This is equivalent to setting
%u,/0y* = C(Ua/ur)(9%u1/dy?) (22)

where subscripts e and ! denote vxact and linearized equa-
tions, respectively. From relatirn (22) one might expect
the quantity C(U./u)(0%/0y%), as determined from the
linearized solution, to be approximately equal to the exact
solution value of 0%:/0y2. A check on this expectation was
made for the case of flow on a flat plate, using the Blasius
solution for the exact values of 0%u/0y2 Comparing at
equal values of velocity, the two quantities were found to
agree within approximately 8%, as shown in Fig. 1.

Multiplying relation (22) by dy and integrating over the
region of applicability of the outer solution,

O, ® 1 0%y
~ CU, fy Sy (23)

- %
Hence, if one wants an approximately correct value of
ou/dy |~y for the linearized solution, one should choose C

such that
ou | © 1 0%
~a—y|y=yl_0Uafy‘ ety (24)

where the subscripts have been dropped since all quantities
are evaluated using the linearized solution.
Introducing f(¢,z) defined by

F= /U= (g —p)/(ge — ) (25)

one may write Eq. (24) in terms of f and z as

__lo w1 9
¢= [bz z=z1/ a ()2 dz22 dz:l (26)

The value of C determined from Eq. (26) is dependent on
the value of z; selected and to a lesser extent on the value of
¢ (or z) at which the calculation is made. Although no
general rule can be given for determining the “best” values
of 2z and ¢ for each particular problem, good results have
been obtained using z; = 0.15 and a value of ¢ near the up-
stream end of the boundary layer. In general, the values of
C determined in this way are within a few percent of 0.8.

y=u

Inner Solution

There are many approaches that might be used to arrive
at an inner solution for the boundary layer flow. The inner
solution must, of course, satisfy the boundary condition
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Fig. 1 Comparison of terms in relation (22) for flow on a
flat plate; dp/dx = 0

u = 0aty = 0. Also, if it is to represent an improvement
over the outer solution at y = 0, it should satisfy the com-
patibility condition (4a) for 0%:/dy? and as many additional
compatibility conditions as possible.

At the joining point, the inner solution should have the
same velocity and normal velocity gradient Ou/dy as the
outer solution. The second derivatives should not be
equated, since, as discussed in the preceding section, a better
estimate of the correct value is given by

% /dy? = C(U./u1)(0%u:/dy?) (27)

where subscript ! again denotes the outer (linearized) solu-
tion.

Von Kdrmdn and Millikan? investigated methods of simpli-
fying the boundary layer equation using approximations that
would be valid at y = 0. The inner solution finally proposed
by them is restricted to velocity profiles having an inflection
point (primarily regions of decelerating flow) and uses the
inflection point as the joining point of the inner and outer
solutions. The inner solution uses an approximation equiva-
lent to setting

ou 1 dp
= =-=2 28
ox ¥ =const PA dx ( )
where A4 is the velocity at the inflection point (0%x/dy* = 0).
With this approximation, the boundary layer Eq. (1) be-
comes

(Q2u/oy?) + (k/A)u =k (29)
where
i o L0 UdT
k—k(x)_pvdx_ v dx

Tquation (29) then is solved as an ordinary second-order
linear differential equation in y using the following boundary.
conditions:

y =0 w = 0, hence d%u/y® = (1/pv)(dp/dzx)

(30a)
Y =15 w = A, hence 02u/0y? = 0 (30b)
y=un Qu/dy = du/dy |4~y = B (30c)

Three boundary conditions are used because y; is unspeci-
fied. The solution of (29) may be written as

u = A — B(A/k)"? sin{(k/A)V*(y1 — y)} (81
where

y1 = (A/k)V2 sin—1{(Ak)12/B} (32)
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This is equivalent to the inner solution obtained by von
Kérmdn and Millikan but in a somewhat different form.
The principal drawbacks to this inner solution are that it
cannot be used for accelerating flow (where there is no in-
flection point in the velocity profile), and it leads to inaccu-
racy in the outer solution when the inflection point is close
to the surface. The solution is best suited for use near the
point of flow separation, where the inflection point is far
from the surface. Also, at the separation point, it can be
shown that this inner solution satisfies the additional com-
patibility condition, 0%4/0y® = 0.

An alternate inner solution that avoids the drawbacks of
the von Kérmédn-Millikan inner solution can be obtained by
approximating the velocity profile with a fourth-order poly-
nomial of the form

U = ay + ay + o? + agy® + agt (33)
and using the boundary conditions
y=20 u=0 (34a)
y=0 Q%u/dy* = (1/pv)(dp/dz) (34b)
y=20 O%u/dy® = 0 (34c)
y=1mn u=4 (34d)
Yy =1 du/dy = B (34e)
Yy =n tu/oy? = (CU./A)Qu/Y?) |ymyy =E  (34f)

Six boundary conditions are used, since there are six un-
knowns (five coeflicients and y;).
Applying Egs. (34) gives

a = a3 =0 (35a)

az = (1/2pv)(dp/dx) (35b)

%1 = [2B/(E + 2a2)){1 — [1 — (4/B)(E + 2a2)]"*} (350)
a = B — (y/3)(E + 4ar) (35d)

as = (E — 2a2)/12y:2 (35¢)

The values A,B, and F are determined from the outer
solution at the specified value of z; and the desired value of
¢ (or z). Since the outer solution is expressed most easily
in terms of f(¢,2) = (u/U.)% it is convenient to evaluate 4,
B, and E in the form

A = Uf)"? (362)
B = [U.2/4(Cv$)V2](df/02) .., (36h)
E = (U.%/8v¢)(0%/02) |y (36¢)

where f; = f(¢,21).
For numerical evaluation, combining Eqgs. (19) and (36a—
36¢) gives

N
A2 = % {goerle —p + Y palerf(as) — erf(ai_l)]} (37a)
i=1
B 1 —z1?
= ———p(va)”z Jo€ +
1 N
- Z ﬁf[ale_“ig - ai..le_“i‘lz]} (37b)
Rli=1 :
U" - 212
B = = e e

Ldh e iyt
- 2 ]H[Ocise o gy yde -1t (37¢)
A% =1
With respect to the choice of boundary conditions, it may
be noted that one additional boundary condition (34¢) has
been applied compared with the von Xérmdn-Millikan
inner solution. The remaining boundary conditions are the
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same, except that 0%u/dy? is not equal to zero at y = y,
since ¥ is not necessarily an inflection point.

Of the two solutions, the polynomial inner solution is the
easier to apply, since there is no necessity of first deter-
mining the velocity profile inflection point for the outer solu-
tion. Also, because of the additional boundary condition
(34¢), the polynomial solution is the more accurate of the
two, except in the region near the separation point. Near the
separation point, however, the polynomial solution is found
to be less accurate than the von Kdrmédn-Millikan solu-
tion. In part, this reflects the increased accuracy of the von
Kérmdn-Millikan inner solution in this region [satisfying
boundary condition (34c) at the separation point], but also
the assumed polynomial form for the velocity profile be-
comes less accurate as the extent of the region covered by the
inner solution (0 < y < y1) increases.

For the calculations reported in this paper, the polynomial
inner solution has been used with z; = 0.15, excepting cases
where the outer solution had a velocity profile inflection
point at z > 0.15, when the von Kdrmédn-Millikan inner
solution was used. This criterion is found to provide rea-
sonably good results, as will be shown in the examples that
follow. Some further refinement in choice of z; and selection
of inner solution probably can be made, however.

Combined Inner and Outer Solutions

The quantities of particular interest in boundary layer
calculations are the shear stress at the surface, displacement
thickness, and momentum thickness. Equations for deter-
mining these quantities follow.

Shear Stress 7o

From the definition of viscosity

o = p(Qu/dyY) |y~ = pr(du/dY) |4=o (38)
For the polynomial inner solution,
To = pray (39)

where a; is given by (35d).
For the von Kdrmén-Millikan inner solution,

o = pvB cos{(k/A)*(y: — y)} (40)
where y; is given by (32).

Displacement Thickness &§*

The contributions of the inner and outer solutions must be
evaluated separately in calculating the displacement thick-
ness:

0 = 8.* 4 &* (41)
where
e (¥ _x
5o = ﬂ (1 Uﬂ)dy | (42)
N _ ¥\,
b= (1 Uﬂ) dy (43)

For the polynomial inner solution, substituting Eqs. (33)
and (35) in (42) gives

1/A\Y: 32 [3E + l4a,
. 1 i
07 = m [1 2<Ua> Ua< 120 ):l (44)

where y; is given by (35¢).
For the von Kdrm4n-Millikan inner solution, substituting
Eq. (31) in (42) gives

A BA k2
* — = + == l — = 4
6“ - (1 Z]a>y1 LTak 1 COS( A > yl ( 5)

where y, is given by (32).
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For the outer solution, Eq. (43) may be expressed in terms

of zas
2(Cvp)'2 (Ua, )
k -7 —_— —
0¥ = 7. le ” 1)d. (46)

The integral, in general, must be evaluated numerically
using values of u obtained from (7a) and (17) or from (19).

Momentum Thickness 6*

The momentum thickness also must be evaluated in two
parts. One may write

0= 0.+ 05 47

Ej;yl (%)(1 - %) dy (48)
o [
O T

For the polynomial inner solution, substituting Egs. (33)
and (35) in (48) gives

where

D
o

and

n®

Us | ¥ !
0, = T]; {% + 7?;1 (a:Us — 1% — % (2ma2) +

3 4 21,5 7
% (.U — an?) — Z% amas) — ‘1/7—1 (2a204) — %— aﬁ} (50)

where ¥, is given by (85¢).
For the von Kdrmdn-Millikan inner solution, substituting
Eq. (31) in (48) gives

BA
6. = (Z]/:QA(UG —A) + =

BZ/l
Ut {2A U — — +

3 AR
(U, — QA) COS<Z> yfl} (51)
where ¥, is given by (32).

For the outer solution, Eq. (49) may be expressed in terms

of zas
_2ACvp)e e u
b = = f 1 (1 - E) dz (52)

As with 8%, the integral, in general, must be evaluated nu-
merically, using values of w obtained from (7a) and (17) or
from (19).

Applications of the Method

To test the method, calculations have been made for a
number of flow problems for which either theoretically exact
solutions or experimental data are available. Four cases
that will be presented are 1) linear variation in velocity (in-
cluding flat plate and two-dimensional stagnation point flow
as special cases); 2) sinusoidal variation in velocity; 3)
circular cylinder (Hiemenz velocity distribution); and 4)
Schubauer’s ellipse.

These examples include both accelerating and decelerating
flows, and flows from stagnation point to separation point.
They will be discussed separately below.

Linear Variation in Velocity
Consider the case
Us=Us+ az = U (1 + 2% . (53)

where U is the initial stream velocity, @ is a constant (posi-
tive or negative), and 2* = ax/ U,.
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‘able 1 Results for linear variation of velocity

o )" ()"

z* Approx. Exact Approx. Exact Approx. Exact

Decelerating flow
0 @ @ 0 0 0 0

—0.025 1.723 - 1.772 0.292 0.292 0.107 0.110
—0.05 0.967 1.001 0.451 0.447 0.159 0.162
—0.075 0.640 0.613 0.595 0.603 0.204 0.209
—0.10 0.340 0.315 0.786 0.794 0.250 0.254
Separation point
—0.1168 0 1.117 0.286
—0.120 0 1.110 0.290
Accelerating flow
+0.025 2.360 0.256 0.098
0.05 1.893 0.342 0.134
0.075 1.724 0.398 0.158
0.100 1.646 0.438 0.176
Then
¢ = U + (ax?/2) (54a)
and
P = po — pad (54b)

From Eq. (17), the outer solution reduces to
(uw/Ua)? = erfz + {1 — [1/(1 + 2*)2]}2z(terfez) (55)

where derfez is the first repeated integral of the complemen-
tary error function [Eqs. (17b) and (17¢)].

Setting zy = 0.15and z = 0 (z* = 0), Eq. (26) gives the
value C = 0.807. The polynomial inner solution is used for
values of z* 2 —0.05. For calculations at values of z* <
—0.05, the inflection point of the velocity profile (d%u/dy? =
0) was found to occur at values of z > 0.15, and hence the
von Kérmédn-Millikan inner solution was used. Nondimen-
stonalized values of shear stress, displacement thickness, and
momentum thickness are given in Table 1 for both accelerat-
ing (z* > 0) and decelerating (z* < 0) flow. In each case
the flow is assumed to have zero initial boundary layer thick-
ness (at x = 0). For comparison, exact solution values ob-
tained by Howarth® for decelerating flow also are shown.

Some representative velocity profiles are presented in Fig.
2, together with velocity profiles from the exact solution of

32

— — — 'APPROXIMATE SOLUTION
EXACT SOLUTION (HOWARTH, REF 7

-0- JOINING POINT OF INNER AND
OUTER SOLUTIONS

S

24

=
N
38

1 A
=
_z
0.8

G
Fig. 2 Velocity profiles for linear variation of stream veloc-

itys Uy = Up + ax = Uy 1 + x%)
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Table 2 Results for flat plate
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Table 3 Results for two-dimensional stagnation point

T 2 (Uax>”2 s (7!_?)1/2 0 <%&>1/2
pU, v VL v

o Uax)llz " (&)1/2 0 (ﬂ)uz
p Ug? v % v

z, = 0.15, C = 0.807 0.325 1.71 0.645
Blasius 0.332 1.729 0.664
Pohlhausen 0.343 1.752 0.686

z = 0.15, C = 0.788 1.223 0.641 0.284
Exact solution 1.233 0.648 0.292
Pohlhausen method 1.19 0.641 0.278

Ref. 5 for decelerating flow. Agreement is good right up to
the separation point, although separation is predicted at
z* = —0.1168, which is slightly earlier than the exact solu-
tion value of z* = —0.120. For comparison, the original
von Kérmdn-Millikan method predicts separation at z* =
—0.102 and the Pohlhausen integral method at z* = —0.151.
It may be noted that a modification of the Pohlhausen method
has been developed using seventh-degree velocity profiles for
the specific purpose of accurately predicting the separation
point.’* This method predicts separation at * = —0.122.

The velocity profile shown for &* = 0 is for the special case
a = 0 (and z > 0) corresponding to flow on a flat plate. For
this case, the outer solution [Eq. (55)] reduces to

(u/U.)? = erfz (56)

and the exact solution reduces to that developed by Blasius.
A comparison of nondimensionalized values of 7o, 6%, and 6
is presented in Table 2, together with values obtained with
the Blasius solution and the Pohlhausen integral method.
Agreement of all quantities is good and somewhat better
than that of the Pohlhausen integral method.

If one considers the special case Uy = 0, a > 0 (z* = 4 )
corresponding to flow at a two-dimensional stagnation point,
the outer solution [Eq. (565) ] becomes

(u/Uq)? = erfz 4 2z(terfez) (57a)
= 1 — 44%rfez (57b)

Setting z = 0.15, Eq. (26) gives C = 0.788. The poly-
nomial inner solution is used for this case (0%u/dy? < 0 for
all z). Values of shear stress, displacement thickness, and
momentum thickness are given in Table 3, along with cor-
responding values obtained from the Pohlhausen integral
method and an exact solution of the Navier-Stokes equation
(Chap. 5 of Ref. 1). The velocity profile is shown in Fig. 3.
Agreement again is seen to be good and somewhat better
than the Pohlhausen integral method.

1.0

3.2

— —— APPROXIMATE SOLUTION (Z,=0.15, C=0.788)
EXACT SOLUTION OF NAVIER- STORES
28 EQUATION (REFERENCE 1)

-0~ JOINING POINT OF INNER AND OUTER
SOLUTIONS

" i
2.0 /I,
4
)6 ’/
. // /
o8 L/ /
el
///

o o 02 0.3 04 05 o6 0.7 0.8 o9 [}

Fig. 3 Velocity profiles for two-dimensional stagnation
point flow; U, = ax

Sinusoidal Variation in Velocity
Consider the case .
U, = 2U, sin(z/R) (58)

which is the 1nviscid velocity distribution for two-dimensional
flow, at a freestream velocity U, past a circular cylinder of
radius B. An “exact’”’ solution based on a method of series
expansion has been developed for this velocity distribution
(Chap. 9 of Ref. 1). It should be noted that the actual
velocity distribution on a circular cylinder is quite different
from that of (58) and in effect constitutes a different prob-
lem (see next section). Then

¢ = 2ULR[1l — cos(z/R)] (59a)
and

P = g0 — (20Us/R)¢ + (o/2E%)¢* (59b)

From Eq. (17), the outer solution reduces to

u 2 2cosy a4
<Ua> = 0 cosn) (1 — 42%erfez) +

(1 — cosm) (222 — 1)
(1 + cosy) 3

where 3 = x/R is the meridian angle measured from the
forward stagnation point.

Setting z; = 0.15 and z = 0 (y = 0), Eq. (60) reduces to
the outer solution for two-dimensional stagnation point flow
(57b), and Eq. (26) gives ¢ = 0.788. Resulting nondimen-
sionalized values of 7o, 6%, and 6 are given in Table 4, and
some representative velocity profiles are shown in Fig. 4.
The corresponding exact solution is based on a series ex-
pansion method described in Ref. 1, Chap. 9, in which the
equation for stream velocity (58) is replaced by an eleventh-
order polynomial in z. The values shown differ slightly
from those of Ref. 1 and were obtained from information sup-
plied in Ref. 10. Although labeled “exact,” it should be noted
that the values shown for 7o, 8%, and 6 do not satisfy the bound-
ary layer momentum integral equation in the region of de-
celerating flow, indicating that a higher-order polynomial is
required in order for the series expansion method to be valid
in this region.

As shown in Table 4 and Fig. 4, there is close agreement
between the approximate and exact solution in the region of
accelerating flow (0 < 7 < 90°) but some discrepancy in the
region of decelerating flow (n > 90°). A part of this dis-
crepancy may be attributed to errors in the “exact’” solution.

[1 - gerfcz + 4izerfcz:] (60)

Circular Cylinder (Hiemenz Velocity Distribution)

The actual velocity distribution on a circular cylinder
differs considerably from that of Eq. (58). The velocity
distribution observed experimentally by Hiemenz may be
expressed by the relation (Ref. 11, p. 150, different units)

(U/Us) = 3.1657 X 1072y — 1.4383 X 10~%93 —
7.6247 X 1071195 (61)

where 7 is the meridian angle measured from the forward
stagnation point in degrees.

For this distribution, the numerical form of the outer solu-
tion was used [Eq. (18)], with p being given in terms of go by
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Table 4 Results for sinusoidal velocity distribution
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Table 5 Shear stress on circular cylinder

To UmR>1/2 o g{)l/z . U\
pULI\ » ) vR ) »R

[}

L)

To Uax 12
PUa2 v

7 Approx. Exact Approx. Exaet Approx. Exact 7 Approx Ref. 3
0 0 0 0.456 0.46 0.203 0.21 0 1.223
30 1.62 1.64 0.481 0.49 0.212 0.22 10 1.208 1.228
60 2.22 2.26 0.580 0.59 0.250 0.26 20 1.201 1.212
90 1.26 1.35 0.918 0.89 0.357 0.35 30 1.168 1.183
100 0.34 0.71 1.372 1.12 0.443 0.40 40 1.115 1.134
102.45 50 1.038 1.054
(separation) 0 .. 1758 ... 0.472 60 0.901 0.920
108.8 70 0.638 0.675
(separation) . 0 - 1.45 o 0.40 78.13 (separation) 0 o
80 (separation) . 0

Eq. (7a) and ¢ = 0.788 from Eq. (26) at the stagnation
point.

The resulting nondimensionalized values of 7o are given in
Table 5, together with values obtained from the relatively
accurate numerical procedure of Ref. 3.

Schubauer’s Ellipse

With the exception of flow on a flat plate, the only good
experimental data on incompressible two-dimensional laminar
boundary layer velocity profiles seem to be those obtained
by Schubauer in 19352 for flow past an ellipse having a ratio
of major to minor axis of 2.960 and with major axis aligned
with freestream velocity.

The experimental pressure distribution for this ellipse has
been used by many investigators to check proposed approxi-
mate and exact calculation procedures. One of the most
accurate calculations is that due to Hartree.* Hartree
analyzed the limited number of observed values of pressure
reported by Schubauer and arrived at a fairly complete
pressure and pressure gradient distribution.

— — — APPROXIMATE SOLUTION (C:-=0788)
"EXACT" SOLUTION

-0~ JOINING POINT OF INNER AND OUTER /
SOLUTIONS

PROFILE AT
SEPARATION 4
PONT—~ | /

4
= %
.8

4

o
\x

Vs . o

[
Fig. 4 Velocity profiles for sinusoidal velocity distribu-
tion; U, = 2U« siny with.n = (180/7)(x/R) deg

Using Hartree’s interpretation of the data, the numerical
form of the outer solution was used [Eq. (19)], with ¢ =
0.788 from Eq. (26), for 21 = 0.15 at the stagnation point.
Some resulting nondimensionalized values of 7o, 6% and 6 are
shown in Table 6, together with Hartree’s values. The
minor axis is used as the reference length L.

As shown in Table 6, the approximate solution gives good
agreement with Hartree’s fairly rigorous numerical caleula-
tion. It may be noted that neither solution predicts flow
separation (ro = 0), whereas Schubauer observed separation
to occur at /L = 1.99 & 0.02. Another relatively rigorous
numerical caleulation presented in Ref. 3 also fails to show
flow separation. All three solutions are close to separation
in the vicinity of the observed separation point, however, and
can be made to show separation with small changes in the
pressure distribution. Howarth® has noted that the boundary
layer at the observed separation point may not have been
thin enough for the approximations of boundary layer
theory to be valid. Whatever the reason, the most rigorous
caleulation procedures fail to predict flow separation for this
problem.

Three representative velocity profiles are shown in Fig. 5.
Station /L = 0.545 is in a region of accelerating flow, sta-
tion z/L = 1.457 is just aft of the minimum pressure station,
and station x/L = 1.946 is just ahead of the separation point.
There is good agreement with the experimental profiles in all
three cases.

Concluding Remarks

The procedure outlined in this paper occupies a middle
ground between the integral method and numerical methods,
with respect to accuracy and computing time. A typical
problem involving calculation of velocity profiles 7, 6%, and
6 for 7 to 10 stations takes from 2 to 5 min on an IBM 7090
digital computer.

The method differs from that of von Kdrmdn-Millikan® in
having the constant C in the outer solution and in the use of a
polynomial inner solution for all but highly inflected velocity

Table 6 Results for Schubauer’s ellipse

z 27 (UmL)”2 8* UC,QL)“2 ] (UOOL>1/2
L pUL\ v L ( v L v
Approx. Hartree Approx. Hartree Approx. Hartree
0.2 3.55 3.69 0.391 0.37 0.165 0.16
0.4 2.56 2.60 0.618 0.61 0.253 0.25
0.6 1.96 2.02 0.820 0.808 0.329 0.331
0.8 1.58 1.64 1.00 0.993 0.397 0.402
1.0 1.29 1.34 1.19 1.177 0.462 0.468
1.2 1.09 1.12 1.37 1.354 0.524 0.531
1.4 0.90 0.94 1.56 1.537 0.587  0.592
1.6 0.61 0.69 1.86 1.794 0.662 0.664
1.8 0.35 0.40 2.29 2.194 0.751 0.748
1.9 0.22 0.26 2.60 2.472  0.801 0.799
2.0 0.17 0.19 2.82 0.846
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Fig. 5 Velocity profiles for Schubauer’s ellipse

profiles. The notation and the form in which the inner and
outer solutions are presented differ considerably from that of
Ref. 6, and it is hoped that the present form is somewhat
easier to follow. With respect to notation, the equations
have, for the most part, been left in terms of dimensional
quantities primarily because each problem seems to lend it-
self to a slightly different nondimensional form.
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The method may be extended to a restricted class of com-
pressible flows (perfect gas flow past an adiabatic wall with
viscosity proportional to absolute temperature) by means of
the Stewartson transformation and to axisymmetric flow
by means of the Mangler transformation.
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